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Zeros of the partition function of the one-dimensional ferromagnetic and antiferromagnetic Blume-Capel
models have been studied by using the transfer matrix method in the thermodynamic limit and for finite size
chains. The equation for the distribution of zeros of the partition function in the thermodynamic limit is
derived. The distribution of the Yang-Lee and Fisher zeros are studied for a variety of values of the parameters
of the model. Densities of the Yang-Lee and Fisher zeros are investigated and a singular behavior of the
corresponding densities of zeros at the edge points is shown. The edge singularity exponents are calculated
analytically for the densities of the Yang-Lee and Fisher zeros. It is found that for both cases edge singularity
exponents are universal and equal to �=− 1

2 .
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I. INTRODUCTION

More than 50 years ago Yang and Lee proposed a method
for studying phase transitions based on the study of the
partition function zeros �1�. They considered the partition
function of the Ising model as a polynomial in activity
�exp�−2H /kT�, where H is a magnetic field� and studied the
distribution of zeros of the partition function in the complex
activity plane �the Yang-Lee zeros�. Moreover, they proved
the famous circle theorem which states that zeros of the par-
tition function of the ferromagnetic Ising model are distrib-
uted on a unit circle in the complex activity plane. Also, a
direct connection between the function representing the den-
sity of the partition function zeros with the thermodynamic
functions describing the phase transition was shown �1�.

Later, Fisher �2� initiated a study of zeros of the partition
function in the complex temperature plane �the Fisher zeros�
and found an analytical solution for the Ising model in zero
magnetic field on a square lattice.

Since that time many papers have been devoted to the
application of theory of the partition function zeros for
studying different statistical physical models on various lat-
tices �3–6�. The circle theorem was discussed and proved for
more general lattice systems and the examples of violation of
the circle theorem were obtained �7�. Singular behavior for
the density of the Yang-Lee zeros is obtained at the Yang-Lee
edges �9�. Moreover, it was shown that the singularities of
the thermodynamic quantities may be obtained using the
density of the partition function zeros �10�. Also, different
Griffiths-type inequalities are demonstrated on the basis of
the Yang-Lee circle theorem �3,8�. Similar results were found
for the Fisher zeros �11�. Usually the distribution of the
Fisher zeros strongly depends on the model. Moreover, the
Fisher zeros are more sensitive to the type of interactions, the
dimensionality of the system, boundary conditions, and the
type of the lattice than the Yang-Lee zeros for which univer-
sality properties have been proved. In general, the calcula-
tion of the Fisher zeros is a difficult analytical task and the
main results for Fisher zeros were found numerically �11�.

Nowadays the transfer-matrix method is a standard tool
for studying the partition function zeros of the one and
higher dimensional systems �3,12�. Much attention is de-

voted to the investigation of the one-dimensional and ladder
models that may give us a key for understanding the behav-
ior and properties of more complicated high dimensional
models �12�.

Although one-dimensional systems with finite range and
classical interactions, i.e., interactions involving only com-
muting interacting variables, in the thermodynamic limit
cannot display a phase transition at nonzero temperature,
they can exhibit a critical behavior on the complex activity
and temperature plains at the Yang-Lee and Fisher edges,
respectively �6,13,14�. Using the transfer matrix method, the
universal character of the Yang-Lee edge singularity for clas-
sical one-dimensional models with finite range interactions is
proved �13,14�. The behavior of transfer matrix eigenvalues
of one-dimensional models in real and complex magnetic
fields is studied for the Yang-Lee zeros by Wang and Kim
�14�. They showed that for a lattice system in a real magnetic
field, the condition of phase transition requires that the larg-
est eigenvalues of the transfer matrix be twofold degenerate.
Also, in the gap close to the positive real semiaxis where the
Yang-Lee zeros are absent �no phase transition�, the eigen-
values of the transfer matrix must be real �14�. Thus at the
Yang-Lee edge, the maximal by modulus eigenvalue must be
twofold degenerate. The universal character of the Yang-Lee
edge singularity for one-dimensional models has been con-
firmed by a number of studies of spin-1/2, -1, and -3/2 Ising,
Blume-Capel, Blume-Emery-Griffith, N-vector, and other
models �3,15,16�. Almeida and Dalmazi �17� studied the
Yang-Lee zeros of the one-dimensional Blume-Capel ferro-
magnetic model with periodic boundary conditions on con-
nected and nonconnected rings using the Feynman diagrams
method. They studied the departure of the Yang-Lee zeros
from the unit circle as the temperature increased beyond
some limit and showed that in the thermodynamic limit the
zeros of Blume-Capel models on the static �connected rings�
and on the dynamical �Feynman diagrams� lattices tend to
overlap. Recently, the Yang-Lee and Fisher zeros and the
corresponding edge singularities have been investigated for
the one-dimensional Q-state Potts model �6�. It has been
shown that the Yang-Lee and Fisher edge singularity expo-
nents for the one-dimensional Q-state Potts model are equal
to each other and equal to �=− 1

2 .
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Although general theorems on the distribution of Yang-
Lee zeros are known, and universal behavior is established
for the Yang-Lee edge singularities, very poor general results
are known for the Fisher zeros and the Fisher edge singulari-
ties.

In this paper the transfer matrix method is used to study
the Yang-Lee and Fisher zeros of both the ferromagnetic and
antiferromagnetic one-dimensional Blume-Capel models
with periodic boundary conditions. Analytical equation for
zeros of the partition function is derived and used for nu-
merical calculation of the Yang-Lee and Fisher zeros. The
densities of the partition function zeros are studied and edge
singularity exponents are calculated. It is shown that edge
singularity exponents for both the Yang-Lee and Fisher zeros
coincide and are equal to �=− 1

2 . Also, symbolic and numeri-
cal calculations on finite size chains were performed to com-
pute the partition function zeros for up to N=1024 spins. The
distributions of the Yang-Lee and Fisher zeros for finite size
system are consistent with the corresponding distributions in
the thermodynamic limit. The study of zeros of the partition
function for finite systems with a large number of spins re-
quires solutions of high order polynomial equations. These
solutions may show numerical instabilities in the complex
plane. Some details of the numerical procedure for finding
zeros of finite size partition function for a large number of
spins N�103 are discussed.

II. PARTITION FUNCTION AND ITS ZEROS

The Blume-Capel �BC� model �18� is a special case of the
spin-1 Blume-Emery-Griffiths �BEG� model �19�. The BC
model may describe a variety of interesting physical systems.
In particular, it describes phase separation driven by super-
fluidity in 3He-4He mixtures �20�, inverse melting transfor-
mations of the metallic alloys �21�, liquid crystals �22�, the
liquid-liquid transition theory for polyamorphous materials
�23�, vortex lines in disordered high temperature supercon-
ductors �24�, cold denaturation of proteins �25�, and different
types of polymeric systems �26�. The BC model has played
an important role in the development of the theory of tricriti-
cal phenomena and has been actively studied over the years.

The Hamiltonian of the one-dimensional BC model �18�
has the form

− �H = J�
i=1

N

sisi+1 − ��
i=1

N

si
2 + h�

i=1

N

si, �1�

where �=1/ �kBT� and si=0, ±1 is the spin variable at each
site of the chain and N is the number of spins on the chain.
The partition function of the system is defined as

ZN = �
�si�

e−�H, �2�

where the summation goes over all configurations of the sys-
tem. For analytical calculations it is convenient to define the
transfer matrix of the BC model in a symmetric form,

V�si,si+1� = exp�Jsisi+1 − 1
2��si

2 + si+1
2 � + 1

2h�si + si+1�� ,

and

V = �eJ−�−h e−��+h�/2 e−J−�

e−��+h�/2 1 e−��−h�/2

e−J−� e−��−h�/2 eJ−�+h 	 . �3�

Imposing periodic boundary conditions on the chain
�sN+1=s1� the following expression for the partition function
�2� may be derived:

ZN = TrVN = �1
N + �2

N + �3
N, �4�

where �i �i=1,2 ,3� are the eigenvalues of the transfer matrix
�3� defined by the characteristic equation

�3 − �1 + eJ−�x��2 + e−��x�eJ − 1� + e−��e2J − e−2J���

− e−2��e2J − 1��1 − e−J�2 = 0, �5�

and x=eh+e−h.
In the thermodynamic limit �N→��, the contribution of

the eigenvalue of highest modulus to the partition function is
dominated, i.e., for 
�1
� 
�i
 �i=2,3�,

ZN = �1
N�1 + � �2

�1
�N

+ � �3

�1
�N� � �1

N. �6�

Thus the thermodynamic properties of the system in the re-
gion of the complex activity or temperature plane where one
of the eigenvalues, say �1, has maximal modulus are defined
by the corresponding eigenvalue �1. Now, suppose that in the
corresponding complex plain there exists a region where an-
other eigenvalue �2 is dominated. At the boundary between
these two regions where different eigenvalues �1 and �2
dominate, thermodynamic functions possess a nonanalytical
behavior and the boundary is defined by the condition �3�


�1
 = 
�2
 � 
�3
 . �7�

In the thermodynamic limit the contribution of the smallest
by modulus eigenvalue �3 into the partition function may be
neglected and the partition function becomes

ZN = �1
N�1 + 
 �2

�1

Neı�N� � �1

N�1 + eı�N� , �8�

where from condition �7� for �2 we substitute

�2 = �1eı�. �9�

Since 
�1
�0 from Eq. �8� it follows that zeros of the parti-
tion function correspond to values of � defined by the equa-
tion

1 + eı�N = 0, �10�

from which

� � �p =
�2p + 1�	

N
, p = 0, . . . ,N − 1. �11�

Based on Vieta’s theorem, for the eigenvalues of the transfer
matrix �3� we can write

�1 + �2 + �3 = a2,

�1�2 + �2�3 + �3�1 = a1, �12�
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�1�2�3 = a0,

where

a2 = 1 + eJ−�x ,

a1 = e−��x�eJ − 1� + e−��e2J − e−2J�� ,

a0 = e−2��e2J − 1��1 − e−J�2.

Using Eqs. �9� and �12� analytical expressions for eigenval-
ues can be found,

�1,2 =
�a1a2 − �1 + 2 cos ��2a0�e
i��/2�

2 cos��/2��a2
2 − �1 + 2 cos ��a1�

, �13�

�3 = a2 −
a1a2 − �1 + 2 cos ��2a0

a2
2 − �1 + 2 cos ��a1

. �14�

On the other hand, using Eq. �9� and excluding �’s from Eq.
�12�, Eq. �15� for zeros of the partition function can be de-
rived,

F�h,�,J,�� � �1 + 2 cos ��3a0
2 + 4 cos2 �

2 �a1
3 + a0a2

3� − a1
2a2

2

− 2�1 + 2 cos ���2 + cos ��a0a1a2 = 0. �15�

Note, that it is required that zeros of the partition function be
solutions to Eq. �15� but not all solutions to Eq. �15� corre-
spond to zeros of the partition function. Zeros of the partition
function should also satisfy the condition �7�, where eigen-
values are defined in Eqs. �13� and �14�. Thus Eq. �15� and
the condition �7� are the necessary and sufficient conditions
for defining zeros of the partition function.

In the study above we did not consider the case when all
eigenvalues have the same modulus and differ only by
phases. This gives another possibility for zeros of the parti-
tion function to appear and may correspond to “pseudotri-
critical” behavior of the model. In this case, the partition
function may be written in the form

ZN = �1
N�1 + eı�N + eı�N� , �16�

where �2=�1eı� and �3=�1eı�. Since 
�1
�0 the partition
function becomes zero if

1 + eı�N + eı�N = 0. �17�

The solution to the system of trigonometric Eqs. �17� with
respect to � and � has the form

� =
2	

3N
, � = − � +

2	p

N
, p = 0, . . . ,N − 1. �18�

Using Eq. �18� we performed a number of numerical tests for
a wide range of J and � values and did not find any zeros.
Thus no pseudotricritical behavior is found for the one-
dimensional Blume-Capel model and the partition function
zeros are defined by Eq. �15� and condition �7� only.

III. DENSITY OF THE PARTITION FUNCTION ZEROS

The density of the partition function zeros may be found
using Eqs. �11� and �15�. The solution of Eq. �15� with re-

spect to �=eh �the Yang-Lee zeros� or z=eJ �the Fisher ze-
ros� depends on the value of the parameter � given in Eq.
�11�. In the thermodynamic limit, solutions to Eq. �15� define
continuous multibranch mappings 
i���, where 
 stands for
� or z for the Yang-Lee and Fisher zeros, respectively, and i
is the index of the branch. Let us consider one of the
branches of this mapping. According to Eq. �11� the number
of the partition function zeros corresponding to the values of
� from the interval ��p1

,�p2
� and located on the same branch

is proportional to the difference �p2
−�p1

. The integers p2,p1

are defined by Eq. �11�. The density of the partition function
zeros between the points 
i��p1

�, 
i��p2
� may be found as the

ratio of the difference �p2
−�p1

to the length of the curve

i���. Thus for the density of the partition function zeros we
get

g̃i��p1
,�p2

� �
�p2

− �p1



�p1

�p2 ���Re
i/���2 + ��Im
i/���2d�

.

�19�

In the thermodynamic limit, assuming that the interval �p2
−�p1

is small, one obtains

gi��� � g̃i��,� + d�� �
1

���Re 
i/���2 + ��Im 
i/���2
.

�20�

Let us define the edge point as a point where the line of
the partition function zeros end up. Let 
e be an edge point
and �e be the corresponding phase. After expanding the
function F�
 ,���F�h ,� ,J ,�� of Eq. �15� in Taylor series
up to the second order terms in 
e,�e and solving it with
respect to 
, we can get the behavior of the 
i��� in the
vicinity of the edge point 
e. Using this procedure a singular
behavior for density of the partition function zeros at the
edge points is shown and the edge singularity exponent � is
calculated for the Yang-Lee and Fisher zeros as given in the
next sections below.

IV. YANG-LEE ZEROS

The Yang-Lee zeros of the BC model may be obtained by
solving the eighth order polynomial Eq. �15� with respect to
�=eh and taking only zeros that satisfy condition �7�. Some
examples of the distribution of the ferromagnetic Yang-Lee
zeros are given in Fig. 1. In Fig. 1 plots of the Yang-Lee
zeros for the thermodynamic limit and finite size system cal-
culations are shown. We see that the Yang-Lee zeros lie on a
single or several curves that end up at some points called the
Yang-Lee edges. From the plots one can see that the distri-
bution of the Yang-Lee zeros of the thermodynamic limit
�N=10 000� and finite size system �N=1024� calculations
are very similar and almost indistinguishable.

According to the transfer matrix formalism the Yang-Lee
edges are defined by the condition that the eigenvalue with
maximal modulus is twofold degenerated �3�. Thus from
condition �9� at the Yang-Lee edges �=0. The Yang-Lee

PARTITION FUNCTION ZEROS OF THE ONE-… PHYSICAL REVIEW E 76, 021104 �2007�

021104-3



edge points are shown in Fig. 1 as bold points. In order to
study the behavior of the density of the Yang-Lee zeros in
the vicinity of the Yang-Lee edge points ��=0� consider the
Taylor series expansion of Eq. �15� up to the second order
terms in �,

�i��� � �e +
�2�i

�2�
�2 + o��4� , �21�

with zero linear term because F�h ,� ,J ,�� is an even func-
tion of �. Thus from Eqs. �20� and �21� for the density of the
Yang-Lee zeros at the Yang-Lee edges

gyl��� � 
�
−1. �22�

The polar angle � is introduced for the Yang-Lee zero �.
At the Yang-Lee edge, �e,�e corresponds to �=0. Close to
the Yang-Lee edge point the density of the Yang-Lee zeros
may be written in the form g���� 
�−�e
�, where � is the
Yang-Lee edge singularity exponent. For calculating the
critical exponent � let us calculate the length of the curve
between the points �i��� and ���e� over which the Yang-Lee
zeros are distributed,

�� − �e�Ri = �Re��i − �e�2 + Im��i − �e�2, �23�

where Ri is the radius of curvature of ith branch of the Yang-
Lee zeros distribution curve. From Eqs. �23� and �21� it fol-
lows that

�2 � �� − �0� . �24�

Using Eqs. �22� and �24� we get

gyl��� � 
� − �e
−1/2, �25�

and �=− 1
2 . Note that in our treatment the branch for which

the edge singularity exponent � is calculated was chosen
randomly. Thus for all the branches of the Yang-Lee zeros
distribution curves the Yang-Lee edge singularity exponent is
universal and equal to �=− 1

2 . This result is in good agree-
ment with the previous studies of the Yang-Lee edge singu-
larities �3,13,14�. The plot of the density of the Yang-Lee
zeros in the thermodynamic limit is given in Fig. 2 where a
singular behavior of the density gyl��� at the Yang-Lee edges
is shown.

The Yang-Lee zeros of the antiferromagnetic one-
dimensional Blume-Capel model are studied in the same
manner as the ferromagnetic ones. The dynamics of the lo-
cation of the antiferromagnetic Yang-Lee zeros with respect
to parameter z=eJ is studied by finite size chain calculations
and shown in the plots in Fig. 3. The distributions of the
Yang-Lee zeros in the thermodynamic limit are in good
agreement with the finite size chain calculations and are not
shown in the plots in Fig. 3 in order to avoid overloading the
plots with data. From the plots in Fig. 3 it follows that for
high temperatures the Yang-Lee zeros lie on the negative part
of the real axes only �Fig. 3�a��. By decreasing the tempera-
ture the Yang-Lee zeros start to spread into the complex
plane organizing circlelike structures as shown in Figs.
3�b�–3�f�.

In Fig. 5�a� the Yang-Lee zeros are shown for different
chain sizes N and in the thermodynamic limit �N=10 000�.
From Fig. 5�a� it follows that the Yang-Lee zeros accumulate
in the neighborhood of the edge singularity points. This is in
good agreement with the thermodynamic limit calculations
of the density of Yang-Lee zeros, which indicates a singular
behavior of the density of Yang-Lee zeros at the edge singu-
larity points �Fig. 2�.

The details of finite size system symbolic and numerical
calculation are given in Sec. VI of the paper.
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FIG. 1. The Yang-Lee zeros of the ferromagnetic one-
dimensional Blume-Capel model on complex �=eh plane for y
=e�=3 and different values of parameter z=eJ: �a� z=4, �b� z
=20/9, �c� z=2, �d� z=20/11. Continuous lines correspond to the
Yang-Lee zeros in the thermodynamic limit �N=10 000�. The Yang-
Lee edge singularity points are marked with bold points. Boxes
correspond to exact finite size system calculation data for N=16
spins. The data for finite size system calculation for N=1024 shown
as dots is indistinguishable from the thermodynamic limit data.
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FIG. 2. Dependence of density of the Yang-Lee zeros on � in the
thermodynamic limit �N=10 000� for y=3 and z=4. The density of
zeros shows singular behavior at four Yang-Lee edges shown in Fig.
1�a� which are complex conjugate numbers with arguments ±�0 and
±�1. Here the data along the y axes is given in arbitrary units and
�0=0.334 and �1=3.08.
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V. FISHER ZEROS

In this section the Fisher zeros of the one-dimensional BC
model are investigated. By definition, the Fisher zeros corre-
spond to zeros of the partition function with respect to a
temperature dependent parameter. In general, the partition
function of a BC model is a function of several parameters
such as J, �, and h, which by the definition of Hamiltonian
�1� are inversely proportional to temperature T. Formally, the
parameters � and h may be considered proportional to J with

some proportionality coefficients, i.e., �= �̄J and h= h̄J. This
procedure simply corresponds to renormalization of model
parameters due to the freedom of choosing the units of en-
ergy measurement. After renormalization the partition func-
tion may be presented as a function of temperature parameter
z=eJ, where parameters y=e� and �=eh are replaced by y

=z�̄ and �=zh̄, respectively. In terms of z the transfer matrix
can be written in the form

V = �z1−�̄−h̄ z−��̄+h̄�/2 z−��̄+1�

z−��̄+h̄�/2 1 z−��̄−h̄�/2

z−��̄+1� z−��̄−h̄�/2 z1−�̄+h̄
	 , �26�

and Eq. �15� for the Fisher zeros becomes

F�h̄,�̄,z,�� � �1 + 2 cos ��3ā0
2 + 4 cos2 �

2 �ā1
3 + ā0ā2

3� − ā1
2ā2

2

− 2�1 + 2 cos ���2 + cos ��ā0ā1ā2 = 0, �27�

where

ā2 = 1 + z1−�̄�zh̄ + z−h̄� ,

ā1 = z−�̄�zh̄ + z−h̄��z − 1� + z−2�̄�z2 − z−2� ,

ā0 = z−2�̄�z2 − 1��1 − z−1�2.

In general, parameters �̄,h̄ may be considered as renormal-
ized fields of the BC model.

Equation �27� can be solved numerically with respect to z
to find the location of the Fisher zeros on the complex z
plane. Note that only solutions to Eq. �27� satisfying condi-
tion �7� correspond to the Fisher zeros.

For simplicity let h̄ and �̄ be integers. In this case Eq.
�27� becomes a polynomial and the Fisher zeros may be
found as zeros of this polynomial �see Fig. 4�. The corre-
sponding polynomial equation may be solved numerically

�27�. If h̄ and �̄ are rational numbers it is obvious that in that
case Eq. �27� may be presented as a polynomial too. For

irrational values of the h̄ or �̄ Eq. �27� becomes a transcen-
dental equation which in general is hard to solve. From the
number theory it is well known that any irrational number
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FIG. 3. The Yang-Lee zeros of the antiferromagnetic one-
dimensional Blume-Capel model on complex �=eh plane for y
=e�=3 and different values of z=eJ. The data are generated for
finite size chains of N=512 spins. The real axes of the plots �b�–�f�
are cut from below in order to show the nontrivial structure of the
location of the Yang-Lee zeros. Note that the larger part of the data
of the Yang-Lee zeros is located below the cutoff and lies over the
negative real axes up to some negative value �not shown in the
plots�.
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FIG. 4. The Fisher zeros of the one-dimensional Blume-Capel

model on complex z plane for �a�–�e� �̄=0 and h̄=0,1 ,2 ,4 ,5, re-

spectively, and �f�–�i� �̄=−1 and h̄=0,1 ,2 ,3, respectively. Small
points represent the Fisher zeros in the thermodynamic limit for
N=10 000 spins. Boxes and circles correspond to finite size chain
calculation data for N=16 and 1024 spins, respectively. Except for
plots �a� and �f� the lines of Fisher zeros in the thermodynamic limit
and N=1024 finite size system calculations are indistinguishable.
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may be approximated by a rational number with arbitrary
accuracy. Since Eq. �27� is an analytic function then irratio-

nal h̄ and/or �̄ may be approximated by rational numbers and
the solution to the corresponding equation will give a good
approximation to the solution of the original equation. Thus
using the procedure described above, the Fisher zeros may be
calculated numerically within some predefined accuracy for
any values of model parameters. Examples of the distribu-
tions of the Fisher zeros are given in Fig. 4. One can see that
the Fisher zeros show a variety of different shapes �Fig. 4�.
On the other hand, from Fig. 4 it follows that the Fisher
zeros are located on the lines ending at the Fisher edges. As
for the Yang-Lee zeros, the condition �=0 here also defines
the Fisher edges.

In the case of integer or rational h̄ and �̄ the order of the
polynomial �27� with respect to z defines the number of
Fisher edge singularity points. In general, the larger by

modulus the values of h̄ or �̄ the higher the order of poly-
nomial �27�. Thus the number of Fisher edges will be larger.
On the other hand, the increase in the number of Fisher
edges indicates that the number of connected components
�curves� over which the Fisher zeros are distributed in-

creases. For large values of h̄ or �̄ this may lead to fractal-
like structures for the distribution of the Fisher zeros. Hence
the Fisher zeros are very sensitive to the values of parameters
of the Hamiltonian which define the number of Fisher edges
and thus significantly influence the topology of the distribu-
tion of the Fisher zeros.

The advantage of the method presented in this paper for
studying the Fisher zeros is that it gives a mechanism for
understanding the reason of sensitivity of the Fisher zeros on
the model parameters as was mentioned in the Introduction.

Following the same procedure as for the density of the
Yang-Lee zeros, a singular behavior for the density of Fisher
zeros may be proved. For the Fisher zeros close to the Fisher
edges, Taylor expansion of Eq. �27� with respect to � in the
vicinity of the edge point ze ��=0� gives

zi��� � ze +
�2zi

�2�
�2 + o��4� , �28�

with zero linear term in � since F�h̄ , �̄ ,z ,�� is an even func-
tion of �. Using the same procedure as for the Yang-Lee
edges, after simple algebra, for the density of Fisher zeros we
get

gf��� � 
� − �e
−1/2, �29�

where �e and � are phases of complex z temperatures at the
Fisher edges and nearby points, respectively. Thus at all the
Fisher edges the density of Fisher zeros has singular nature
and the critical exponent �=− 1

2 is universal, i.e., � does not
depend on the model parameters.

Finite size system enumeration calculation over all mi-
crostates and finite size system symbolic and numerical cal-
culations are performed for calculating the Fisher zeros of
the one-dimensional BC model for chains up to N=1024
spins. The distributions of the Fisher zeros are in good agree-
ment with the corresponding distributions in the thermody-

namical limit. Examples of distributions of the Fisher zeros
for different values of parameters are given in Fig. 4. The
distribution of the Fisher zeros for different chain sizes N is
given in Fig. 5�b�. From Fig. 5�b� it follows that zeros of the
partition function are distributed on several lines not lying on
the unit circle and accumulate close to the edge singularity
points. This is in good agreement with the thermodynamic
limit calculations of the density of Fisher zeros indicating a
singular behavior of the density of Fisher zeros at the edge
singularity points.

VI. DISCUSSION OF NUMERICAL METHODS

To confirm the results of calculations in the thermody-
namic limit presented in Secs. IV and V of the paper several
numerical tests were performed on finite size systems. First,
we performed exact finite size enumeration calculations over
all microstates of the one-dimensional BC model for up to
N=22 spins. The exact finite size enumeration method is
quite simple and may be easily generalized to one or high
dimensional lattice spin-S Ising-type models. It is based on
the idea of mapping the spin-S model of the total number of
spins N on any lattice into an N-digit number in base-S pre-
sentation. For simplicity the algorithm is presented here for
the one-dimensional BC model of N spins si=−1,0 ,1, and
i=1, . . . ,N.

Consider the chain of N spins of the BC model as an
N-digit number in ternary �base-3� presentation, i.e., map the
spin configuration �sN , . . . ,s2 ,s1� into N-digit number
�N¯�2�13, where �i=si+1 and �i takes values 0, 1, 2. In
terms of numbers the spin configuration �−1, . . . ,−1 ,−1� cor-
responds to zero and the configuration �1, . . . ,1 ,1� corre-
sponds to the maximal N-digit number in ternary presenta-
tion 2¯223. All numbers from 0 to 2¯223 may be
generated in a finite number of steps by adding 1�0¯013
to 0. Thus using the inverse transformation from numbers to
spin configurations si=�i−1 all spin configurations of the
model may be generated. For any spin configuration gener-
ated in this way the energy of the configuration may be cal-
culated using Eq. �1� and the finite size partition function �2�
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(a) (b)

FIG. 5. Comparative plots of the partition function zeros for
different finite size lattices and the thermodynamic limit. Continu-
ous lines correspond to the partition function zeros in the thermo-
dynamic limit. �a� The Yang-Lee zeros for y=3, z=4 and chain
sizes N=16 �diamonds� and N=32 �bold points�. �b� The Fisher

zeros for �̄=0, h̄=5 and chain size N=16 �boxes�. The unit circle
is shown as a dashed curve.
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is constructed. Any time a new configuration is generated the
total energy of the system Eq. �1� is calculated. This is due to
the fact that the new configuration that was sampled is not
always generated from the previous one by a single spin flip.
For example, two spins should be flipped in order to pass
from the spin configuration �−1, . . . ,−1 ,−1 ,1� to the con-
figuration �−1, . . . ,−1 ,0 ,−1� which in terms of ternary arith-
metic corresponds to the following relation: 0¯023+13
=0¯103. The computational speed of the algorithm may be
improved if all configurations of the system may be gener-
ated consequently by a single spin flip. In that case the en-
ergy of the system may be updated by adding to the energy
of the previous configuration the energy change between the
neighbor interactive spins for the flipped spin due to the
nearest neighbor interaction nature of the BC model Hamil-
tonian, Eq. �1�. To the best knowledge of the authors no
simple modification of this algorithm is known that will take
into account the advantage of single spin flip passage in gen-
erating new configurations. On the other hand, the total num-
ber of configurations of the spin-S Ising-type model of N
spins is SN. For the case of the one-dimensional Blume-
Capel model with N=22 spins this leads to 322�3�1010

configurations. Numerical tests showed that for the one-
dimensional BC model, zeros of the partition function of
finite size systems start to converge to the ones in the ther-
modynamic limit started from N=16 system sizes �Fig. 5�. It
took about 72 h on a Pentium IV 1.81 GHz computer to
calculate the partition function for N=22 spins with this
method. Increasing the number of spins exponentially in-
creases the number of configurations and the run time of the
program. Thus with the exact enumeration method of all con-
figurations the maximal size of the system was considered to
be N=22. In conclusion to this description we note that the
algorithm presented here is quite easy to adopt for construct-
ing the partition functions for getting both the Yang-Lee and
the Fisher zeros. The generalization of the algorithm to other
Ising-type models is quite straightforward and it is not pre-
sented here.

As it was indicated above, the method of exact enumera-
tion of all possible states of the BC model does not allow us
to study finite size systems with a large number of spins.
Since it is a one-dimensional model and we are interested in
considering as large systems as possible. Hence another
method for generating the partition function polynomial was
used.

The method uses the transfer matrix method and symbolic
computation software like MATHEMATICA for constructing the
partition function polynomial as given by Eq. �4�. In order to
avoid operations with rational expressions it is convenient to
define the transfer matrix in the way that powers of variables
� and z for the Yang-Lee and Fisher zeros, respectively, are
positive for all elements of the transfer matrix. For example,
for studying the Yang-Lee zeros of the BC model with J
�0, ��0 it is convenient to define the transfer matrix as
follows:

V�si,si+1� = exp�J�1 + sisi+1� − �si
2 + h�1 + si�� ,

and

V = �tz2 tz t

z� z� z�

t�2 tz�2 tz2�2	 , �30�

where �=eh, z=eJ, and t=1/y=e−�. Since the Hamiltonian
is defined within any arbitrary constant, the transfer matrix
�30� is equivalent to the one used in Sec. II. By setting the
values of parameters z and t and using symbolic computation
software such as MATHEMATICA the polynomial equation for
the Yang-Lee zeros may be generated from the equation

ZN = TrVN = 0, �31�

and the coefficients of the polynomial written to the file in a
format suitable for the MPSOLVE program �27�. In this paper
the MPSOLVE program was used for solving high order poly-
nomial equations because the algorithm used in this program
gives the most stable results. It is interesting to note that
solutions to polynomial Eq. �31� show instability at the com-
plex plane when coefficients of the polynomial are floating
point �decimal� numbers as shown in Fig. 6. To overcome
this difficulty we converted the values of parameters z and t
into rational fractions and used a special input format of the
MPSOLVE program to solve polynomial equations with ratio-
nal coefficients. In this case the numerical instability in so-
lutions disappears and we get excellent agreement with ther-
modynamic limit data even for N=1024 spins �with the
corresponding polynomial equation of order 2048 for the
Yang-Lee zeros�. We could not find such an option in
MATHEMATICA which demonstrates divergence of the Yang-
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FIG. 6. Examples of numerical instabilities in the distribution of
the Yang-Lee zeros for y=3 and �a� z=4, �b� z=2, and the Fisher

zeros for �̄=−1 and �c� h̄=3, �d� h̄=1 of finite size chain BC
model. Circles and solid lines correspond to solutions to the parti-
tion function polynomial for finite size system with MATHEMATICA

�N=128� and MPSOLVE �N=1024�, respectively.
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Lee zeros data from the thermodynamic limit values for sys-
tem sizes N�32 spins. It should be noted that the MPSOLVE

program also demonstrates such an instability when coeffi-
cients of the polynomial are floating point numbers with
some predefined accuracy, but passing to rational form for
coefficients of the polynomial equation fixes the problem.

Finite size system calculations of the Fisher zeros may be
performed in the same manner as given above. Note that for
the Fisher zeros the coefficients of the polynomial equation
are integers. This directly follows from the definition of the
transfer matrix given in Eq. �26� where for all the elements
of the transfer matrix coefficients of z terms are equal to 1.
For this case it is convenient to use the option of the
MPSOLVE program for solving polynomial equations with in-
teger coefficients which leads to stable solutions even for

N=1024 spins for different values of h̄ and �̄. Using this
method an excellent agreement with the thermodynamic
limit data is obtained �Fig. 4�.

The run time of the MPSOLVE program for the examples
considered in this paper was from several seconds up to sev-
eral hours for N=32 and N=1024, respectively.

By performing a number of simulations we conclude that
zeros of the partition function are sensitive to the accuracy of
coefficients of the corresponding polynomial equation and
passing to the rational or integer form of presentation of the
polynomial coefficients gives stable results and correct loca-
tion of zeros of the partition function when using the
MPSOLVE program �27�.

VII. CONCLUSION

We have used the transfer matrix method to study the
partition function zeros of the one-dimensional Blume-Capel
model. A method for finding the partition function zeros is

described. The distributions of the Yang-Lee and Fisher zeros
for different values of parameters of the model are found.
The ferromagnetic and antiferromagnetic Yang-Lee zeros are
investigated. The resulting distributions of the ferromagnetic
Yang-Lee zeros are in good agreement with results given in
�14,17�. The distribution of the Fisher zeros gives a variety
of shapes, different from the unit circle. The triple degen-
eracy case is discussed and no partition function zeros are
found in that case.

Exact finite size enumeration and finite size system sym-
bolic computational methods are used to compute the Yang-
Lee and Fisher zeros for up to N=1024 spins. Resulting dis-
tributions of zeros are consistent with the corresponding
distributions in the thermodynamic limit.

Locations of the Yang-Lee and Fisher edge singularity
points are found from the condition �=0. Also, we have
described the behavior of the densities of the partition func-
tion zeros at the edge singularity points and found corre-
sponding critical exponents. To the best knowledge of the
authors the Fisher zeros and the corresponding edge singu-
larity exponents for the one-dimensional Blume-Capel model
are calculated in the present work for the first time. The
critical exponents for both the Yang-Lee and Fisher edge
singularities are found to be the same and equal to �=− 1

2 .
This equivalence indicates the universality of edge singular-
ity exponents for one-dimensional models. The same values
for the edge singularity exponents are found for the one-
dimensional Ising and Potts models also �6�.
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